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We ﬁnd a method to recognize the characteristic of a simple group
of Lie type G from its Dirichlet polynomial PG (s). This is enough
to complete the proof of the following statement: if G is a simple
group, H is a ﬁnite group and PG (s) = PH (s), then H/Frat(H) ∼= G .
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For a ﬁnite group G , the Dirichlet polynomial PG(s) of G is deﬁned as follows:
PG(s) =
∑
n1
an(G)
ns
, where an(G) =
∑
HG, |G:H|=n
μG(H).
Here μG is the Möbius function of the subgroup lattice of G , deﬁned by μG(G) = 1, μG(H) =
−∑H<KG μG(K ) for H < G . The Dirichlet polynomial PG(s) is an element of the ring of the Dirichlet
ﬁnite series (or Dirichlet polynomials),
R =
{∑
n1
an
ns
: an ∈ Z,
∣∣{n: an = 0}∣∣< ∞
}
.
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for references).
We introduce some notation we will use throughout the paper. Let k be a natural number, f (s) =∑
n1
an
ns be a Dirichlet polynomial, r be a prime number and G be a group. We denote by |k|r the
r-part of k, i.e. |k|r = rvr (k) , where vr(k) is a natural number such that rvr (k) divides k and rvr (k)+1 does
not divide k. We set |0|r = 0 and vr(0) = −∞. Moreover, let |G|r be the r-part of the order of G . Let
| f (s)|r = max{|n|r: an = 0} and | f (s)| = l.c.m{|n|: an = 0}. It is immediate to see that |G|r  |PG(s)|r
for each prime number r. The number |PG(s)| is called the probabilistic order of G (see [7]) and
clearly |PG(s)| divides |G|.
Let G be a simple group of Lie type. Because of the isomorphisms PSL2(4) ∼= PSL2(5), PSL2(7) ∼=
PSL3(2), PSL2(8) ∼= 2G2(3)′ , PSU4(2) ∼= PSp4(3) and PSU3(3) ∼= G2(2)′ some groups have more than one
characteristic. Let πG be the set of these characteristics. We say that the characteristic of G is the prime
number p ∈ πG such that |G|p  |G|r for all r ∈ πG . So, for example, we have that the characteristic
of PSL2(7) ∼= PSL3(2) is 2.
The aim of this paper is to prove the following theorem.
Theorem 1. Let G be a simple group and let H be a ﬁnite group. If PG(s) = PH (s), then H/Frat(H) ∼= G.
This theorem was conjectured in [7]. It is easy for G cyclic. In [6, Theorem 3], it was proved for
G alternating and in [7, Theorem 11], for G sporadic. In the case of groups of Lie type, the following
result holds.
Theorem 2. (See [7, Theorem 14].) Let G1 and G2 be two groups of Lie type deﬁned over ﬁelds with the same
characteristic; if PG1 (s) = PG2 (s), then G1 ∼= G2 .
In order to prove Theorem 1, it suﬃces to recognize the characteristic of a group of Lie type from
its Dirichlet polynomial. As in [17, Deﬁnition 3.1], if k > 1, then we say that a prime p is the dominant
prime in k if |k|p  |k|r for all prime numbers r. In particular, we say that p is the dominant prime of G
if p is the dominant prime in |G|. Note that if p is the characteristic of a group of Lie type G , then p
is the dominant prime of G (with few exception). In fact we have the following.
Theorem 3. (See [17, Theorem 3.3].) Let G be a simple group of Lie type and let p be the characteristic of G.
Then p is the dominant prime in |G| except in the following cases:
– G = PSL2(p) and p is a Mersenne prime, p > 7. Here 2 is the dominant prime and p = 2.
– G = PSL2(r − 1) and r is a Fermat prime, r > 5. Here r is the dominant prime and p = r.
If f (s) is a Dirichlet polynomial and | f (s)| > 1, then we say that a prime p is the dominant prime
of f (s) if | f (s)|p  | f (s)|r for all prime numbers r.
In most cases, the dominant prime of G is also the dominant prime of PG(s). However, this is not
true in general: for instance, if G = PSU3(3) ∼= G2(2)′ , then |G| = 25 ·33 ·7 and |PG(s)| = 22 ·33 ·7 (use
GAP [10]). So, for some cases, we need an alternative strategy. Given a prime number r we deﬁne the
r-Dirichlet polynomial of G in the following way:
P (r)G (s) =
∑
rn
an(G)
ns
.
We have the following result.
Theorem 4. (See [7, Theorem 3].) Let G be a simple group of Lie type of characteristic p. Then |P (p)G (0)| = |G|p .
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power of r (with at most six exceptions). In particular, we obtain the following.
Theorem 5. Let G be a simple group of Lie type. Suppose that G is not isomorphic to one of the following
groups: PSU3(3), PSU6(2), PSp4(8), PSp4(9), PSp8(3) and PΩ
+
8 (3). Let π be the set of prime numbers r such
that P (r)G (0) is a power of r. The characteristic of G is the prime number p ∈ π such that |PG(s)|p  |PG(s)|r
for all prime numbers r ∈ π .
The paper is divided into six sections. In the ﬁrst section we introduce some notations and some
lemmas we will use throughout the paper. In Section 2 we give some information about the maximal
subgroups of the ﬁnite classical groups (the main reference is [18]). In Section 3, we consider a
classical group G of characteristic p and we prove that ak(G) = 0 for some k ∈ N such that |k|p is
large enough, i.e. suﬃcient to prove that, with some exceptions, p is the dominant prime of PG(s)
(see Section 4). The same strategy is applied for the exceptional groups (see Section 5). In Section 6,
we prove the main result of the paper, which completes the proof of Theorem 1.
1. Notation and useful lemmas
We will use repeatedly, often without mention, the following results on the Möbius function of
the subgroup lattice of G .
Lemma 6. (See [12].) Let G be a ﬁnite group and H a subgroup of G. If μG(H) = 0, then H is intersection of
maximal subgroups of G.
Lemma 7. (See [14, Theorem 4.5].) Let G be a ﬁnite group and H a subgroup of G. The index |NG(H) : H|
divides μG(H)|G : HG ′|.
Note that if G is a non-abelian simple group, we have that |G : H| divides μG(H)|G : NG(H)|. This
implies that n divides an(G) for each n ∈ N − {0}.
Lemma 8. (See [31].) Let a,n ∈ N, a,n 2. There exists a prime divisor q of an − 1 such that q does not divide
ai − 1 for all 0 < i < n, except in the following cases:
1. n = 2, a = 2s − 1 with s 2.
2. n = 6, a = 2.
When this prime divisor exists, it is called a Zsigmondy prime for 〈a,n〉.
Let p and r be two prime numbers and let q be a power of p. Let t be the smallest positive integer
such that qt ≡ 1 (mod r). Moreover, let
h =
{
vr(qt − 1) if r = 2,
max{h+,h−} if r = 2,
where h− = v2(q − 1) and h+ = v2(q + 1).
Lemma 9. (See [2, Lemma 8.1].) Let r = 2 and let q 3 be an odd natural number. We have that
∣∣qn − 1∣∣2 =
{
max{|q − 1|2, |q + 1|2}|n|2 if 4 | (q − 1) or n is even,
2 if 4 | (q + 1) and n is odd,
∣∣qn + 1∣∣2 =
{
2 if 4 | (q − 1) or n is even,
|q + 1| if 4 | (q + 1) and n is odd.2
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∣∣qn − 1∣∣r =
{
1 if t  n,
|qt − 1|r |n/t|r if t | n,∣∣qn + 1∣∣r =
{
1 if t  2n or t | n,
|qt − 1|r |2n/t|r if t | 2n and t  n.
2. On the maximal subgroups of a classical simple group
Let G be a classical simple group deﬁned over a ﬁeld of characteristic p. The ﬁnite simple classical
groups are:
– PSLn(q), for n 2, (n,q) /∈ {(2,2), (2,3)};
– PSUn(q), for n 3, (n,q) /∈ {(3,2)};
– PSp2n(q), for n 2, (n,q) /∈ {(2,2)};
– PΩ2n+1(q), for n 3, q odd;
– PΩ+2n(q), for n 4;
– PΩ−2n(q), for n 4.
We use the notation of [18]. In particular, we use its description of the collections Ci of the maximal
subgroups of a classical group G . So, when we say that a subgroup M has a certain type in a certain
class, we are referring to [18, Table 3.5.A-F].
Each of the classical simple groups can be constructed starting form a vector space V of dimen-
sion m (where m = n for G = PSLn(q), PSUn(q), m = 2n+ 1 for G = PΩ2n+1(q) and m = 2n otherwise).
This vector space is endowed with a form κ , such that:
– κ = 0 if G = PSLn(q),
– κ is a non-degenerate unitary form if G = PSUn(q),
– κ is a non-degenerate symplectic form if G = PSp2n(q),
– κ is a non-degenerate quadratic form otherwise.
Thus we can speak of non-degenerate and totally singular subspaces of V . In particular, some of the
maximal subgroups in the class C1 are stabilizers of non-degenerate or totally singular subspaces
of V .
Now we state a crucial theorem, due to Aschbacher, on the maximal subgroups of the classical
groups.
Theorem 10. (See [1,18].) Let G be a classical simple group. A maximal subgroups of G either lies in C1–C8 or
in the class S . A subgroup H of G lies in S if and only if the following hold.
(a) The socle S of H is a non-abelian simple group.
(b) If L is the full covering group of S, and if ρ : L → GL(V ) is a representation of L such that ρ(L) = S
(where − denotes the reduction modulo scalars), then ρ is absolutely irreducible.
(c) ρ(L) cannot be realized over a proper subﬁeld of F.
(d) If ρ(L) ﬁxes a non-degenerate quadratic form on V , then G ∈ {PΩn(q),PΩ+n (q),PΩ−n (q)}.
(e) If ρ(L) ﬁxes a non-degenerate symplectic form on V , but no non-degenerate quadratic form, then G =
PSpn(q).
(f) If ρ(L) ﬁxes a non-degenerate unitary form on V , then G = PSUn(q).
(g) If ρ(L) does not satisfy the conditions in (d), (e) or (f), then G = PSLn(q).
For the rest of the paper, we say that a maximal subgroups of a classical group G is a geometric
maximal subgroup if it lies in one of the classes C1–C8.
An interesting result on the elements of the class S is the following.
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Class S , some groups.
S G
PSLd(q) PSL d(d−1)
2
(q)
PΩ+10(q) PSL16(q)
E6(q) PSL27(q)
M24 PSL11(2)
E7(q) PSp56(q), q odd
PΩ7(q) PΩ
+
8 (q)
PΩ9(q) PΩ
+
16(q)
E7(q) PΩ
+
56(q), q even
Co1 PΩ
+
24(2)
Table 2
Subgroups that (possibly) lie in the class S for some groups of low Lie rank.
G H Conditions Reference
PSL2(q) Alt5 if p ≡ ±1 (mod 5), then q = p, [15]
otherwise q = p2 /∈ {4,25}
PSL3(q) PSL2(7) p /∈ {2,7}; if p3 ≡ 1 (mod 7), then q = p, [24,13]
otherwise q = p2  25
Alt6 if p ≡ 1,4 (mod 15), then q = p,
otherwise q = p2 = 9
Alt6.2 q = 25
Alt7 q = 25
PSL4(q), q even Alt7 q = 2 [26]
PSL5(2) [4]
PSU3(q) PSL2(7) p3 ≡ −1 (mod 7) and q = p = 5 [24,13]
Alt6 q = p ≡ 11,14 (mod 15)
Alt6.2 q = 5
Alt7 q = 5
PSp4(q), q odd PSL2(q) p 5 and q 7 [25]
Alt6 q = p ≡ ±5 (mod 12), q = 7
Alt6.2 q = p ≡ ±1 (mod 12)
Theorem 11. (See [20, p. 32].) Let H be a member of S and let S be the socle of H. Then one of the following
holds:
– |H| < q2n+4 if G is not unitary, |H| < q4n+8 if G is unitary.
– S ∼= Altc for c ∈ {n + 1,n + 2}.
– S and G are in Table 1.
As reported in Table 2, for some groups of small Lie rank, the class S is completely determined or
we can make a restriction on the possible members of this class.
Moreover, by [16, Theorem 5.7], we have that if H is a maximal subgroup in the class S of PSU4(q),
then soc(H) is Alt7, PSL2(7), PSp4(3) or PSL3(4).
We have the following.
Lemma 12. (See [20, p. 38].) Let n ∈ N, n  3 and let q = p f for some prime number p and f  1, (q,n) =
(2,6). Let q∗n denote the product of the Zsigmondy prime for 〈q,n〉. We have that:
– If q∗n = n + 1, then (q,n) ∈ {(2,4), (2,10), (2,12), (2,18), (3,4), (3,6), (5,6)}.
– If q∗n = 2n + 1, then (q,n) ∈ {(2,3), (2,8), (2,20), (4,3), (4,6)}.
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Maximal subgroups H in the class S of a classical group (not unitary) of dimension d over Fq such that (q∗e , |G : H|) = 1,
(e,q) = (6,2).
e d q S = soc(H)
d − 4, d 9 10 3, 5 Alt11, Alt12
14 2 Alt15, Alt16
16 2 Alt17, Alt18
22 2 Alt23, Alt24
d − 3, d 7 7 2, 3 Alt8, Alt9
7 3 PSp6(2)
9 3, 5 PSL2(8), Alt10, Alt11
9 PSL3(q2)
13 2 Alt14, Alt15
15 2 Alt16, Alt17
21 2 Alt22, Alt23
d − 2, d 5 6 2, 3 Alt5, Alt7, Alt8, PSL2(11)
6 3 PSL3(4), M12
8 3, 5 Alt8, Alt9, Alt10, PSL2(7), PΩ
+
8 (2), Sp6(2), PSL2(8)
8 5 Alt7, 2B2(8), PSL3(4)
8 PSL2(q3), PSU3(q)
8 PΩ7(q) (q odd), Sp6(q) (p = 2)
12 2 Alt13, Alt14, PSL2(11), PSL2(23)
14 2 G2(3), PSp6(3), PSL2(13), PSL2(27), Alt15, Alt16
20 2 Alt21, Alt22, J1, PSL2(19)
d − 1, d 4 4 2, 4 Alt7, Alt8, PSL2(7)
5 2 PSp4(3), PSL2(9)
5 2, 3 Alt6, Alt7, PSL2(11)
5 3 M11
7 3, 5 Alt8, Alt9, PSp6(2), PSL2(7), PSL2(8)
7 3, 4, 5, 17 PSL2(13)
7 5 PSU3(3)
7 p = 3 PSU3(q), 2G2(q)
7 p odd G2(q)
9 2 PSL2(17)
11 2 Alt12, Alt13, M23, M24, PSL2(23), PSL2(11)
13 2 Alt14, Alt15, PSL3(3), PSp4(5), PSp6(3), PSL2(25), PSL2(27), PSL2(13)
19 2 Alt20, Alt21, PSL2(19)
19 2, 3 PSL2(37)
21 2 PSL2(41)
d, d 3 3 2, 4 PSL2(7)
4 2 Alt7, Alt8, PSL2(9), PSp4(3)
4 2B2(q), p = 2
4 2, 3 Alt5, Alt6
6 3 PSL3(4)
6 3, 4, 5, 17 PSL2(13)
6 3, 5 Alt7, Alt8, PSL2(7)
6 5 J2, PSU3(3)
6 G2(q), p = 2
8 2 PSL2(17)
10 2 Alt11, Alt12, M11, M12, M22, PSL2(11)
12 2 Alt13, Alt14, PSL3(3), PSL2(13), PSL2(25), PSp4(5)
18 2 Alt19, Alt20, PSL2(19)
18 2, 3 PSL2(37)
20 2 PSL2(41)
Let d be the dimension of the vector space associated to a classical group G (not unitary) de-
ﬁned over a ﬁeld Fq (for example, if G = PSp2n(q), then d = 2n). Let e be as in Table 3. By [11,
Examples 2.6–2.9] we have that if H is a subgroup in the class S of G and (q∗e , |G : H|) = 1, then
S = soc(H) appears in the last column of Table 3. For example, let G = PΩ7(3) and e = 4. In this case
486 M. Patassini / Journal of Algebra 332 (2011) 480–499Table 4
Subgroups H in the class S of PSUd(q) such that (q∗e , |G : H|) = 1,
(e,q) = (6,2).
e d q S = soc(H)
2d − 8, d 9 odd 9 2 Alt11
2d − 6, d 8 even
2d − 4, d 5 odd 5 3, 5 Alt7
2d − 2, d 4 even 4 3, 5 Alt7, PSL2(7)
4 3 PSL3(4)
6 2 PSL2(11), M22
10 2 PSL2(19)
2d, d 3 odd 3 3, 5 PSL2(7)
3 5 Alt7
5 2 PSL2(11)
9 2 J3, PSL2(19)
Table 5
Geometric maximal subgroups H of PSLn(q) such that (q∗e , |G : H|) = 1.
qe H Conditions
qn GLn/r(qr) in C3 r | n, r prime
(q,n) = (2,6), Spn(q) in C8 n even
n 3 O−n (q) in C8 n even, q odd
Un(q1/2) in C8 n odd, q = q20
qn−1 P1 in C1
(q,n) = (2,7), GL1(q)  Sn in C2 q∗n−1 = n
n 4 GL1(qn) in C3 q∗n−1 = n
On(q) in C8 nq odd
Un(q1/2) in C8 n even, q = q20
qn−2 P1, P2 in C1
(q,n) = (2,8), GL1(q)  Sn in C2 q∗n−2 = n − 1
n 5 Spn(q) in C8 n even
O±n (q) in C8 q odd, n even
Un(q1/2) in C8 n odd, q = q20
qn−3 P1, P2, P3 in C1
(q,n) = (2,9), GL1(q)  Sn in C2 q∗n−3 = n − 2
n 7 On(q) in C8 qn odd
Un(q1/2) in C8 n even, q = q20
d = 7. By Table 3, if there exists a maximal subgroup H in the class S of G such that 3∗4 = 5 does not
divide |G : H|, then soc(H) is isomorphic to Alt8, Alt9 or PSp6(2).
Now, let us consider the group G = PSUn(q), deﬁned over the ﬁeld Fq2 . Let d = n and let e be
as in Table 4. By [11, Examples 2.6–2.9] we have that if H is a subgroup in the class S of G and
(q∗e , |G : H|) = 1, then S = soc(H) appears in the last column of Table 3.
In Tables 5–10 we report the maximal geometric subgroups H of G such that (q∗e , |G : H|) = 1,
using the notation of [18] for the type and the class.
The results of Tables 3–10 (and sometimes the explicit computation of the order of some geometric
maximal subgroups of G) are essential in the proof of Theorem 15. For example, in the case O, we
need to know the elements of the set M(G,h(n,q)), i.e. the maximal subgroups M of PΩ2n+1(q),
q odd, (q,n) = (3,3), such that h(n,q) = qn2−3n+3(q2 − 1)(qn−1 + 1)∏n−2i=1 (q2i − 1) divides |M|. It is
useful to note that q∗2n−2 divides h(n,q) and (|G|/h(n,q),q∗2n−2) = 1. Using Table 8 and [18], when M
is a geometric maximal subgroup, it is straightforward to obtain the result. Assume that M is in the
class S . By Table 3, the possibilities for the socle of M are:
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Geometric maximal subgroups H of PSUn(q) such that (q∗e , |G : H|) = 1.
qe H Conditions
q2n GUn/r(qr) in C3 r | n, r 3 prime
(q,n) = (2,3),
n 3, n odd
q2n−2 GU1(q) ⊥ GUn−1(q) in C1
(q,n) = (2,4),
n 4, n even
q2n−4 P1 in C1
(q,n) = (2,5), GU1(q) ⊥ GUn−1(q) in C1
n 5, n odd GU2(q) ⊥ GUn−2(q) in C1
q2n−6 P1 in C1
n 8, n even GU1(q) ⊥ GUn−1(q) in C1
GU2(q) ⊥ GUn−2(q) in C1
GU3(q) ⊥ GUn−3(q) in C1
GUn/3(q3) in C3 3 | n
q2n−8 P1, P2 in C1
n 9, n odd GU1(q) ⊥ GUn−1(q) in C1
GU2(q) ⊥ GUn−2(q) in C1
GU3(q) ⊥ GUn−3(q) in C1
GU4(q) ⊥ GUn−4(q) in C1
Table 7
Geometric maximal subgroups H of PSp2n(q) such that (q
∗
e , |G : H|) = 1.
qe H Conditions
q2n GUn(q) in C3 nq odd
(q,n) = (2,3), Sp2n/r(qr) in C3 r | 2n, r prime, 2n/r even
n 2 21+4.O−4 (2) in C6 (q,n) = (3,2)
O−2n(q) in C8 q even
q2n−2 P1 in C1
(q,n) = (2,4), Sp2(q) ⊥ Sp2n−2(q) in C1 q∗2n−2 = n
n 3 GUn(q) in C3 n even, q odd
O±2n(q) in C8 q even
Table 8
Geometric maximal subgroups H of PΩ2n+1(q), q odd, such that
(q∗e , |G : H|) = 1.
qe H Conditions
q2n O 1(q) ⊥ O−2n(q) in C1
n 3 O 1(q)  S2n+1 in C2 q∗2n = 2n + 1
q2n−2 P1 in C1
n 3 O 1(q) ⊥ O±2n(q) in C1
O 3(q) ⊥ O−2n−2(q) in C1
O 2n−1(q) ⊥ O±2 (q) in C1
O 1(q)  S2n+1 in C2 q∗2n−2 = 2n − 1, q odd
O 2n+1
3
(q3) in C3 3 | 2n + 1
– Alt10, Alt11 and PSL2(8) if q ∈ {3,5} and n = 4;
– PSL2(q3) if n = 4.
It is easy to see that h(n,q) does not divide |Aut(soc(M))| in these cases.
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Geometric maximal subgroups H of PΩ−2n(q) such that (q∗e , |G : H|) = 1.
qe H Conditions
q2n GUn(q) in C3 n odd
n 4 O−2n/r(qr) in C3 2n/r 4 even, r | 2n, r prime
q2n−2 P1 in C1
n 4 O 1(q) ⊥ O 2n−1(q) in C1 q odd
(q,n) = (2,4) O+2 (q) ⊥ O−2n−2(q) in C1 q 4
Sp2n−2(q) in C1 q even
O 1(q)  S2n in C2 q∗2n−2 = 2n − 1, q odd
On(q2) in C3 qn odd
q2n−4 P1, P2 in C1
n 5 O 1(q) ⊥ O 2n−1(q) in C1 q odd
(q,n) = (2,5) O 3(q) ⊥ O 2n−3(q) in C1 q odd
O+2 (q) ⊥ O−2n−2(q) in C1 q 4
O−2 (q) ⊥ O+2n−2(q) in C1
O+4 (q) ⊥ O−2n−4(q) in C1
Sp2n−2(q) in C1 q even
O 1(q)  S2n in C2 q∗2n−4 = 2n − 3, q odd
GUn(q) in C3 n odd
O−n (q2) in C3 n even
Table 10
Geometric maximal subgroups H of PΩ+2n(q) such that (q∗e , |G : H|) = 1.
qe H Conditions
q2n−2 O 1(q) ⊥ O 2n−1(q) in C1 q odd
n 4 O−2 (q) ⊥ O−2n−2(q) in C1
(q,n) = (2,4) Sp2n−2(q) in C1 q even
O 1(q)  S2n in C2 q∗2n−2 = 2n − 1, q odd
GUn(q) in C3 n even
On(q2) in C3 qn odd
21+6O+6 (2) in C6 q ∈ {3,5}, n = 4
q2n−4 P1 in C1
n 5 O 1(q) ⊥ O 2n−1(q) in C1 q odd
(q,n) = (2,5) O 3(q) ⊥ O 2n−3(q) in C1 q odd
O+2 (q) ⊥ O+2n−2(q) in C1 q 4
O−2 (q) ⊥ O−2n−2(q) in C1
O−4 (q) ⊥ O−2n−4(q) in C1
Sp2n−2(q) in C1 q even
O 1(q)  S2n in C2 q∗2n−4 = 2n − 3, q odd
O+n (q2) in C3 n even
3. The analysis for the classical groups
Lemma 13. Let K be a ﬁnite group, let N be a subnormal subgroup of K and let H be a subgroup of K . We
have that |H||N| divides |K ||H ∩ N|.
Proof. We claim that |NH| divides |K |. Arguing by induction on the subnormal defect, it suﬃces to
prove that if N  L and L  K , then |NH| divides |LH|. Clearly,
LH =
⋃
k∈R
NkH
for some R ⊆ L such that the union is disjoint. Since N  L, if k ∈ L, then NkH = kNH , so |NH| =
|kNH| = |NkH| for all k ∈ L. Hence |LH| = |R||NH| and we have the claim.
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h(n,q) for a classical simple group G .
Case G Conditions h(n,q)
L1 PSLn(q) n ∈ {3,5}, (n,q) = (3,4) n(qn−1)(q−1,n)(q−1)
L2 PSL4(q) q 4 2q
2(q4−1)(q+1)
(q−1,4)
L3 PSLn(q) n 6 q
(n−2)(n−3)
2 (q−1)
(q−1,n)
∏n−2
i=1 (qi − 1)
U1 PSUn(q) n ∈ {3,5,7}, n(qn+1)(q+1,n)(q+1)
q 7 if n = 3,
q 3 if n = 5
U2 PSU4(q) q 4 2q
2(q−1)2(q+1)3
(q+1,4)
U3 PSU6(q) q 3 3q
3(q3+1)(q6−1)
(q+1,6)(q+1)
U4 PSUn(q) n 8 q
(n−3)(n−4)+6
2 (q+1)(q2−1)(q3+1)
(q+1,n)
∏n−3
i=2 (qi − (−1)i)
S PSp2n(q) n 2, (n,q) = (3,2) dq
n2/d
(q−1,2)
∏n/d
i=1(q
2id − 1)
O PΩ2n+1(q) n 3, (n,q) = (3,3) qn2−3n+3(q2 − 1)(qn−1 + 1)∏n−2i=1 (q2i − 1)
O+1 PΩ+2n(q) q 4 2α+q(n−1)(n−2)(q + 1)(qn−1 + 1)
∏n−2
i=1 (q2i − 1)
O+2 PΩ+2n(q) q 3, n 5, (n,q) = (5,2) 2α+qn
2−5n+8(q4 − 1)(qn−2 + 1)∏n−3i=1 (q2i − 1)
O−1 PΩ−2n(q) q 4 2α−q(n−1)(n−2)(q − 1)(qn−1 + 1)
∏n−2
i=1 (q2i − 1)
O−2 PΩ−2n(q) q 3, n 5, (n,q) = (5,2) 2q
n2−5n+8(q2−1)2(qn−2+1)
(q−1,2)
∏n−3
i=1 (q2i − 1)
Now, since |H||N| = |NH||H ∩N| and |NH| divides |K |, we have that |H||N| divides |K ||H ∩N|. 
Corollary 14. Let K be a ﬁnite group and let H1 , H2 and H be three subgroups of K . Assume that H1 is normal
in H2 and H2 is subnormal in K . If H1(H ∩ H2) < H2 , then L = H1(H∩H2)H1 is a proper subgroup of H2/H1
such that |H||H2||H1| divides |K ||L|.
Proof. Just apply Lemma 13, observing that |H∩H2||H1| divides
|H1(H∩H2)||H1| =
|H∩H2||H∩H1| . 
In Table 11, we have that
α+ =
{−1 if q is odd and n is even,
0 if qn is odd,
1 if q is even,
α− =
⎧⎨
⎩
−1 if q is odd and nq−12 is even,
0 if q is odd and nq−12 is odd,
1 if q is even
and d is the smallest prime divisor of n.
Theorem 15. Let G and h(n,q) be as in Table 11, under the conditions given in Table 11. Each subgroup of G
of order h(n,q) is a maximal subgroup, except if case L3 holds. In general, we have that a|G|/h(n,q)(G) = 0.
Proof. In this proof, we use the results of Section 2. In the cases L1, L2, U1, U2 and U3, it is easy to
see that if a subgroup of G has order h(n,q), then it is a maximal subgroup.
We introduce a notation. Given a group A and a positive rational number k, let M(A,k) be the set
of representatives of the conjugacy classes of the maximal subgroups of A whose order is divisible
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M(A,k) =
{
M ∈ M(A): |M|
k
∈ Z
}
where M(A) is the set of representatives of the conjugacy classes of the maximal subgroups of A.
When we describe the elements of this set we write the type and the class of each maximal subgroup
(using the notation of [18, Table 2.5 A-F]).
First, we consider the case L3.
Case L3: G = PSLn(q), n 6.
We have that the elements of M(G,h(n,q)) are:
M1: P1 in C1.
M2: P2 in C1.
Let H be a subgroup of G of order h(n,q). We claim that μG(H) = 2.
Let V be a vector space of dimension n over Fq . Assume that V = 〈e1, . . . , en〉. We may iden-
tify G = PSLn(q) with PSL(V ). A maximal subgroup of type Pi in PSL(V ) is the group StabG(Wi) or
StabG(W ∗i ), where Wi is a subspace of V of dimension i and W
∗
i is a complement of Wi in V . More-
over StabG yields a 1–1 correspondence between the set of proper non-zero subspace of V and the
set of maximal subgroups of G in the class C1.
As we have seen above, we have that if H  M for a maximal subgroup M of G , then M is of
type Pi , i ∈ {1,2}. Let K j = StabG(〈e j〉) and K ∗j = StabG(〈e j〉∗) for j ∈ {1,2}, J = StabG(〈e1, e2〉) and
J∗ = StabG(〈e1〉∗ ∩〈e2〉∗). Clearly, a maximal subgroup of type P1 is conjugate in G to K1 or K ∗1 , and a
maximal subgroup of type P2 is conjugate in G to J or J∗ . Since |H| = h(n,q), without loss of general-
ity, we may assume that H = K1∩ K2∩ K ∗1 ∩ K ∗2 ∩ J ∩ J∗ . In particular, we have that the set of maximal
subgroups of G which contain H is MH = {K1, K2, K ∗1 , K ∗2 , J , J∗}. Set Y = {Y ⊆ MH :
⋂
M∈Y M = H}.
By [29, Corollary 3.9.4], we have that
μG(H) =
∑
Y∈Y
(−1)|Y |.
An easy computation shows that μG(H) = 2. This completes the proof of case L3.
Now, we deal with the remaining cases. We want to show that if H is a subgroup of G and
|H| = h(n,q), then H is a maximal subgroup. The structure of the proof is almost the same in all the
cases. We ﬁnd the elements of M(G,h(n,q)) (using the results of Section 2) and we denote them by
M0, . . . ,Mk , for some k ∈ N. The ﬁrst element (M0) is a maximal subgroup such that |M0| = h(n,q).
The order of the other elements of M(G,h(n,q)) is different from h(n,q) (except in case S, n = 2).
Let M ∈ M(G,h(n,q)) such that |M| = |M0|. We claim that
(†) the group M does not properly contain H .
We argue by contradiction, so we assume that H < M .
There exists a simple group S = H2/H1 where H1 and H2 are two subgroups of M such
that H1 H2 and the group H2 is subnormal in M . Here |S| does not divide h(n,q), hence
H1(H ∩ H2) < H2. We let h′(n,q) = |S||M|h(n,q), we ﬁnd the elements of M(S,h′(n,q)) and we de-
note them by N1, . . . ,N j .
We claim that M(S,h′(n,q)) = ∅. Since H < M and H1(H ∩ H2) < H2, by Corollary 14 with
K = M , we have that there exists a (maximal) subgroup N of S such that |H||S| = |M|h′(n,q) divides
|M||N|, i.e. the ratio |N|h′(n,q) is an integer number. So we have that M(S,h′(n,q)) = ∅, in particular
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subgroups of N such that H˜1  H˜2 and the group H˜2 is subnormal in N . Again, |T | does not divide
h(n,q). We let h′′(n,q) = |T ||N|h′(n,q), we ﬁnd the elements of M(T ,h′′(n,q)) and we denote them by
L1, . . . , Lm .
Let H˜ = H1(H∩H2)H1 , which is a subgroup of S . By Corollary 14, the number
|H˜|
h′(n,q) is an integer,
hence we may assume that H˜ < N (clearly H˜ = N since |T | does not divide h(n,q)). We claim that
M(T ,h′′(n,q)) = ∅. Since H˜ < N , by Corollary 14, there exists a (maximal) subgroup L of T such
that |H˜||T | divides |N||L| (note that H˜1(H˜ ∩ H˜2) < H˜2 since |T | does not divide h(n,q)). Hence the
ratio |L|h′′(n,q) is an integer number. This contradicts M(T ,h′′(n,q)) = ∅ and we obtain the claim. So,
we have M(T ,h′′(n,q)) = ∅, in particular L ∈ M(T ,h′′(n,q)). There exists a simple group U = Hˆ2/Hˆ1
where Hˆ1 and Hˆ2 are two subgroups of L such that Hˆ1  Hˆ2 and the group Hˆ2 is subnormal in L.
Moreover, |U | does not divide h(n,q). We deﬁne h′′′(n,q) = |U ||L| h′′(n,q).
Let Hˆ = H˜1(H˜∩H˜2)
H˜1
, which is a subgroup of T . By Corollary 14, the number |Hˆ|h′′(n,q) is an integer,
hence we may assume that Hˆ < L (clearly Hˆ = L since |U | does not divide h(n,q)). By Corollary 14,
there exists a subgroup Y of U such that |Hˆ||U | divides |L||Y | (note that Hˆ1(Hˆ ∩ Hˆ2) < Hˆ2 since |U |
does not divide h(n,q)). Hence the ratio |Y |h′′′(n,q) is an integer number, so M(U ,h′′′(n,q)) = ∅.
However, in our analysis we prove that at least one of the sets M(S,h′(n,q)), M(T ,h′′(n,q)) and
M(U ,h′′′(n,q)) is empty, hence we have a contradiction and (†) holds. We conclude that a subgroup
of G of order h(n,q) is a maximal subgroup isomorphic to M0.
Example. Let G = PΩ+10(2). By [4], the maximal subgroups of G are known. We want to prove that
if H is a subgroup of G and h = |H| = 3110400, then H is a maximal subgroup. The elements of
M(G,h) are:
M0: O
−
4 (2) × O−6 (2) in C1. Here |M0| = h.
M1: Sp8(2) in C1. We have that M1 ∼= PSp8(2) and we let S = PSp8(2), h′ = h. Note that |S| does
not divide h. By [4], the maximal subgroups of PSp8(2) are known, so the unique element of
M(S,h′) is:
N1: O
+
8 (2) in C8. We have that N1 ∼= PΩ+8 (2) : 2, we let T = PΩ+8 (2) and h′′ = h′/2. Note that
|T | does not divide h. By [4], the maximal subgroups of PΩ+8 (2) are known and we have
that M(T ,h′′) = ∅. By Corollary 14, since M(T ,h′′) = ∅, we have that M1 ∼= S does not
contain a subgroup of order h.
M2: P1 in C1. We have that M2 ∼= 28 : PΩ+8 (2) and we let S = PΩ+8 (2), so h′ = h/28. Note that
|S| does not divide h. By [4], the maximal subgroups of PΩ+8 (2) are known and we have thatM(S,h′) = ∅. By Corollary 14, since M(S,h′) = ∅, we have that M2 does not contain a subgroup
of order h.
So the claim is proved.
Case U4: G = PSUn(q), n 8.
The elements of M(G,h(n,q)) are:
M0: GU3(q) ⊥ GUn−3(q) in C1.
M1: GU1(q) ⊥ GUn−1(q) in C1. Here S = PSUn−1(q) and we have that the unique element of
M(S,h′(n,q)) is:
N1: GU1(q) ⊥ GUn−2(q) in C1. Here T = PSUn−2(q) and we have that M(T ,h′′(n,q)) = ∅.
M2: GU2(q) ⊥ GUn−2(q) in C1. Here S = PSUn−2(q) and we have that M(S,h′(n,q)) = ∅.
M3: P1 in C1. Here S = PSUn−2(q) and we have that M(S,h′(n,q)) = ∅.
Case S: G = PSp2n(q), n 2, (n,q) = (3,2).
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M0: Sp2n/d(q
d) in C3.
M1: O
−
2n(q), q even in C8. If n = 2, then M1 ∼= M0. Assume that n  3. In this case S = PΩ−2n(q) and
we have that M(S,h′(n,q)) = ∅.
M2: G2(q) in S , q even and n = 3. Here S = G2(q) and we have that M(S,h′(n,q)) = ∅ (see [19]).
Case O: G = PΩ2n+1(q), n 3, (n,q) = (3,3).
The elements of M(G,h(n,q)) are:
M0: O 3(q) ⊥ O−2n−2(q) in C1.
M1: P1 in C1, n 4. Here S = PΩ2n−1(q) and we have that M(S,h′(n,q)) = ∅.
M2: O 2n−1(q) ⊥ O±2 (q) in C1. Here S = PΩ2n−1(q) and we have that M(S,h′(n,q)) = ∅.
M3: O 1(q) ⊥ O±2n(q) in C1. Here S = PΩ±2n(q) (note that if n = 3, then S = PSL4(q) or PSU4(q)) and
the elements of M(S,h′(n,q)) are:
N1: O 1(q) ⊥ O 2n−1(q) in C1. Here T = PΩ2n−1(q) (note that if n = 3, then T = PSp4(q)) and we
have that M(T ,h′′(n,q)) = ∅.
N2: PΩ7(q) in S , n = 4. Here S = PΩ7(q) and we have that M(T ,h′′(n,q)) = ∅.
Case O+1: G = PΩ+2n(q), n 4, q 4.
The elements of M(G,h(n,q)) are:
M0: O
−
2 (q) ⊥ O−2n−2(q) in C1.
M1: O 1(q) ⊥ O 2n−1(q), in C1, q odd. Here S = PΩ2n−1(q) and we have that M(S,h′(n,q)) = ∅.
M2: Sp2n−2(q) in C1, q even. Here S = PSp2n−2(q) and we have that M(S,h′(n,q)) = ∅.
Case Oε2, ε ∈ {+,−}: G = PΩε2n(q), n 5, q 3, (n,q) = (5,2).
The elements of M(G,h(n,q)) are:
M0: O
−ε
4 (q) ⊥ O−2n−4(q) in C1.
M1: P1 in C1. Here S = PΩε2n−2(q) and the elements of M(S,h′(n,q)) are:
N1: O 1(3) ⊥ O 2n−3(3) in C1, q = 3. Here T = PΩ2n−3(3) and we have that M(T ,h′′(n,3)) = ∅.
N2: Sp2n−4(2) in C1, q = 2. Here S = PSp2n−4(2) and we have that M(T ,h′′(n,2)) = ∅.
M2: O 1(3) ⊥ O 2n−1(3), in C1, q = 3. Here S = PΩ2n−1(3) and the elements of M(S,h′(n,q)) are:
N1: P1 in C1. Here T = PΩ2n−3(3) and that M(T ,h′′(n,3)) = ∅.
N2: O 1(3) ⊥ O±2n−2(3) in C1. Here T = PΩ±2n−2(3) and we have that the unique element ofM(T ,h′′(n,q)) is:
L1: O 1(3) ⊥ O 2n−3(3) in C1. Here U = PΩ2n−3(3) and we have that M(U ,h′′′(n,3)) = ∅.
N3: O 2n−3(3) ⊥ O±2 (3) in C1. Here T = PΩ2n−3(3) and that M(T ,h′′(n,3)) = ∅.
M3: O 3(3) ⊥ O 2n−3(3), in C1, q = 3. Here S = PΩ2n−3(3) and we have that M(S,h′(n,q)) = ∅.
M4: O
−
2 (q) ⊥ O−ε2n−2(q), in C1. Here S = PΩ−2n−2(q) and the elements of M(S,h′(n,q)) are:
N1: O 1(3) ⊥ O 2n−3(3) in C1, q = 3. Here T = PΩ2n−3(3) and we have that M(T ,h′′(n,3)) = ∅.
N2: Sp2n−4(2) in C1, q = 2. Here T = PSp2n−4(2) and we have that M(T ,h′′(n,2)) = ∅.
M5: Sp2n−2(2) in C1, q = 2. Here S = PSp2n−2(2) and the elements of M(S,h′(n,q)) are:
N1: P1 in C1. Here T = PSp2n−4(2) and we have that M(T ,h′′(n,3)) = ∅.
N2: Sp2(2) ⊥ Sp2n−4(2) in C1. Here S = PSp2n−4(2) and we have that M(T ,h′′(n,2)) = ∅.
N3: O
±
2n−2(2) in C1. Here S = PΩ±2n−2(2). Assume that S = PΩ+2n−2(2). The unique element ofM(S,h′(n,q)) is:
L1: Sp2n−4(2) in C1, q = 2. Here U = PSp2n−4(2) and we have that M(U ,h′′(n,2)) = ∅.
Assume that S = PΩ−2n−2(2). The unique element of M(S,h′(n,q)) is:
L1: Sp2n−4(2) in C1, q = 2. Here U = PSp2n−4(2) and we have that M(U ,h′′(n,2)) = ∅.
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The elements of M(G,h(n,q)) are:
M0: O
+
2 (q) ⊥ O−2n−2(q) in C1.
M1: P1 in C1. Here S = PΩ−2n(q) and we have that M(S,h′(n,q)) = ∅.
M2: O 1(q) ⊥ O 2n−1(q) in C1, q odd. Here S = PΩ2n−1(q) and we have that M(S,h′(n,q)) = ∅.
M3: Sp2n−2(q) in C1, q even. Here S = PSp2n−2(q) and we have that M(S,h′(n,q)) = ∅.
M4: PΩ7(q) in S , n = 4. Here S = PΩ7(q) and we have that M(S,h′(n,q)) = ∅.
M5: PSp6(q) in S , n = 4. Here S = PSp6(q) and we have that M(S,h′(n,q)) = ∅. 
4. Recognition of the characteristic of a classical group
Recall the deﬁnition of the characteristic of G given in the introduction. In particular note that
the characteristic of PSL2(7) and PSU3(3) is 2, the characteristic of PSL2(8) and PSU4(2) is 3 and the
characteristic of PSL2(4) is 5.
Proposition 16. Let G be a classical simple group of characteristic p, let r be a prime number different from p
and assume that the following cases do not occur:
– G = PSL2(q), q > 7 Mersenne prime and r = 2;
– G = PSL2(q), q + 1 Fermat prime and r = q + 1;
– G = PSUn(q), (n,q, r) ∈ {(3,3,3), (6,2,3)};
– G = PSp8(3) and r = 2;
– G = PSp4(q), q Fermat prime and r = 2;
– G = PSp4(9) and r = 2;
– G = PSp4(q), q > 5, q − 1 Mersenne prime and r = q − 1;
– G = PSp4(q), q > 5, q Mersenne prime and r = 2;
– G = PSp4(q), q > 5, q + 1 Fermat prime and r = q + 1;
– G = PSp4(8) and r = 3;
– G = PSp4(q), q > 5, q2 + 1 Fermat prime and r = q2 + 1;
– G = PΩ+8 (2) and r = 3.
Then |PG(s)|p > |G|r  |PG(s)|r .
Proof. Let G = PSL2(q). By [28, Section 7], we have that |PG(s)|p = q. Thus the result holds.
Assume that G = PSL2(q). Using [10, GAP] we get Table 13. Moreover, Table 14 is obtained from
Theorem 15 and Table 13. Using [4] and arguing as in the proof of Theorem 15, we have that:
– a28431(PΩ7(3)) = 0, so |PPΩ7(3)|3  37;
– a1120(PΩ
+
8 (2)) = 0, so |PPΩ+8 (2)|2  2
5;
– a24192(PΩ
−
8 (2)) = 0, so |PPΩ−8 (2)|2  2
7;
– a9552816(PΩ
+
8 (3)) = 0, so |PPΩ+8 (3)|3  3
8;
– a8159697(PΩ
−
8 (3)) = 0, so |PPΩ−8 (3)|3  3
7;
– a7555072(PΩ
+
10(2)) = 0, so |PPΩ+10(2)(s)|2  2
11;
– a104448(PΩ
−
10(2)) = 0, so |PPΩ−10(2)(s)|2  2
11.
Comparing Table 13 and Table 14 with Table 12 we obtain the claim. Note that Table 12 is obtained
using Lemma 9. 
Proposition 17. Let G = PSp4(q) and assume that q 7. Moreover, let r = p be a prime number.
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r-part of the order of a classical simple group G , for a prime divisor r of the order of G , r = p.
G r Conditions |G|r |δ(G)|r
PSLn(q) 2 t = 1, |q − 1|2 > |q + 1|2 |q − 1|n−12 |n!|2
t = 1, |q − 1|2 < |q + 1|2 2[ n−12 ]|q + 1|[
n
2 ]
2 |n!|2= 2 t = 1 |q − 1|n−1|n!|r
t > 1 |qt − 1|[
n
t ]
r |[ nt ]!|r
PΩ2n+1(q) and 2 t = 1, |q − 1|2 > |q + 1|2 2n|q − 1|n2|n!|2
PSp2n(q) t = 1, |q − 1|2 < |q + 1|2 2n|q + 1|n2|n!|2
= 2 t odd |qt − 1|[
n
t ]
r |[ nt ]!|r
t = 2t0, t0  1 |qt0 + 1|[
n
t0
]|[ nt0 ]!|r
PΩ+2n(q) 2 t = 1, |q − 1|2 > |q + 1|2 2n−1|q − 1|n2|n!|2
t = 1, |q − 1|2 < |q + 1|2 2n−1|q + 1|n2|n!|2
= 2 t odd |qt − 1|[ nt ]|[ nt ]!|r
t = 2t0, t0  1, t | n |qt0 + 1|
[ nt0 ]
r |[ nt0 ]!|r
t = 2t0, t0  1, t  n |qt0 + 1|
[ n−1t0 ]
r |[ n−1t0 ]!|r
PSUn(q) 2 t = 1, |q − 1|2 > |q + 1|2 2n−1|q − 1|[
n
2 ]
2 |[ n2 ]!|2
t = 1, |q − 1|2 < |q + 1|2 2[ n2 ]|q + 1|n−12 |[ n2 ]!|2
= 2 t odd or t = 4t0 |qt − 1|[
n
2t ]
r |[ n2t ]!|r
t = 2 |q + 1|n−1r |n!|r
t = 2t0, t0  3 odd |qt0 + 1|
[ nt0 ]
r |[ nt0 ]!|r
PΩ−2n(q) 2 t = 1, |q − 1|2 > |q + 1|2 2n|q − 1|n−12 |(n − 1)!|2
t = 1, |q − 1|2 < |q + 1|2, n even 2n|q + 1|n−12 |(n − 2)!|2
t = 1, |q − 1|2 < |q + 1|2, n odd 2n−1|q + 1|n2|(n − 1)!|2
= 2 t odd |qt − 1|[
n−1
t ]
r |[ n−1t ]!|r
t = 2t0, t0  1, t | n |qt0 + 1|
[ n−1t0 ]
r |[ n−1t0 ]!|r
t = 2t0, t0  1, t  n |qt0 + 1|
[ nt0 ]
r |[ nt0 ]!|r
Table 13
Some values of |PG (s)|p .
G |PG (s)|p
PSL3(3) 33
PSL3(4) 23
PSL4(2) 26
PSL4(3) 36
G2(2)′ ∼= PSU3(3) 22
PSU3(4) 26
G |PG (s)|p
PSU3(5) 53
PSp4(3) ∼= PSU4(2) 34
PSU4(3) 36
PSU5(2) 210
PSp6(2) 2
9
PSp4(q),q ∈ {3,4,5} q4
1. Let q = p be a Mersenne prime or a Fermat prime. Then P (2)G (0) = − (q
2−1)(q2+2)
2 or |PG(s)|p  q3 . In the
latter case, |PG(s)|p > |G|r .
2. Let q + 1 be a Fermat prime. Then P (q+1)G (0) = −(q4 + q2 − 1) or |PG(s)|2  q3/4. In the latter case,|PG(s)|2 > |G|r .
3. Let q2 + 1 be a Fermat prime. Then P (q2+1)G (0) = −(q4 − q2 − 1) or |PG(s)|2  q4/4. In the latter case,|PG(s)|2 > |G|r .
4. Let q − 1 be a Mersenne prime. Then P (q−1)G (0) is even.
Proof. By [25] and [16], the maximal subgroups of G are known. Let
Ar(G) =
{
H  G: |G : H|r = 1, μG(H) = 0
}
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Lower bounds for |PG (s)|p .
G Conditions Lower bound for |PG (s)|p
PSLn(q) n ∈ {3,5} q
n(n−1)
2
|n|p
n = 4 q4|2|p
n 6 q2n−3
PSUn(q) n ∈ {3,5,7} q
n(n−1)
2
|n|p
n = 4 q4|2|p
n = 6, q = 2 q12|3|p
n 8 q3n−9
PSp2n(q) d smallest prime
q
n2 (d−1)
d
|d|p
divisor of n
PΩ2n+1(q) (n,q) = (3,3) q3n−3
PΩ+2n(q), q 4 q
2n−2
|2|p
PΩ−2n(q) q 3, n 5, (q,n) = (2,5) q
4n−8
|2|p
and
Mr(G) =
{
H ∈ Ar(G): H is maximal in G
}
.
1. If M ∈ M2(G), i.e. M is a maximal subgroup of G such that |G : M|2 = 1, then M is conjugated
to a maximal subgroup of type SL2(q)  S2 in the class C2, so M ∼= PSL2(q) × PSL2(q).2.2.
We claim that if H ∈ A2(G)−M2(G), then |G : H|p  q3. Assume that H ∈ A2(G)−M2(G). Then
H is a proper subgroup of M such that |M : H|2 = 1. Let K = PSL2(q)× PSL2(q) M , K = K1 × K2
with K1 ∼= K2 ∼= PSL2(q) and K1, K2  K . Clearly, H ∩ K is a proper subgroup of K . Without loss
of generality, we may assume that H ∩ K1 < K1. Since |M : H|2 = 1, then |K1 : H ∩ K1|2 = 1, hence
H ∩ K1 is a subgroup of odd index of PSL2(q) (the subgroups of PSL2(q) are well known, see [15]).
In particular, we have that |K1 : H ∩ K1|p  q, hence also |M : H|p  q, thus |G : H|p  q3.
Assume that |PG(s)|p < q3. Then also |P (2)G (s)|p < q3, hence if ak(G) = 0 and k > 1 is odd, then
|k|p < q3 and so k is the index of a maximal subgroup, as we have seen above. So we have that
P (2)G (s) = 1−
(
q2(q2 + 1)
2
)1−s
and the proof is ﬁnished.
2. If M ∈ Mq+1(G), i.e. M is a maximal subgroup of G such that |G : M|q+1 = 1, then M is conju-
gated to a maximal subgroup of type SL2(q)  S2 in the class C2 or M is conjugated to a maximal
subgroup of type O+4 (q) in the class C8. In both cases, M ∼= PSL2(q) × PSL2(q).2.2.
We claim that if H ∈ Aq+1(G) − Mq+1(G), then |G : H|2  q3/2. Let K , K1 and K2 be as in (1).
Note that H ∩ K < K . In fact, if H contains K , then H is normal in M . Since μG(H) = 0, then
H is intersection of maximal subgroups isomorphic to M . Now, H is normal in each of these
subgroups, a contradiction (since G is simple). So H ∩ K < K . Without loss of generality, we may
assume that H ∩ K1 < K1. Since |M : H|q+1 = 1, then |K1 : H ∩ K1|q+1 = 1. The subgroups of
PSL2(q) are well known, so we have that |K1 : H ∩ K1|2  q/2, hence also |M : H|2  q/2, thus
|G : H|2  q3/4.
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P (q+1)G (s) = 1− 2
(
q2(q2 + 1)
2
)1−s
and the proof is complete.
3. If M ∈ Mq2+1(G), i.e. M is a maximal subgroup of G such that |G : M|q2+1 = 1, then M is con-
jugated to a maximal subgroup of type SL2(q2) in the class C3 or M is conjugated to a maximal
subgroup of type O−4 (q) in the class C8. In both cases, M ∼= PSL2(q2).2.
We claim that if H ∈ Aq2+1(G) − Mq2+1(G), then |G : H|p  q3/2. Assume that H ∈ Aq2+1(G) −
Mq2+1(G). Then H is a proper subgroup of M such that |M : H|q2+1 = 1. Note that H ∩ PSL2(q2)
is a proper subgroup of PSL2(q2). In fact, if H contains PSL2(q2), then H is normal in M . Since
μG(H) = 0, then H is intersection of maximal subgroups isomorphic to M . Now, H is normal
in each of these subgroups, a contradiction (G is simple). So H ∩ PSL2(q2) < PSL2(q2). Since |M :
H|q2+1 = 1, then |PSL2(q2) : H ∩ PSL2(q2)|q2+1 = 1. The subgroups of PSL2(q) are well known, so
we have that |PSL2(q2) : H ∩ PSL2(q2)|2  q2/2, hence also |M : H|2  q2/2, thus |G : H|2  q4/4.
Assume that |PG(s)|2 < q4/4. Arguing as in (1), we have that
P (q
2+1)
G (s) = 1− 2
(
q2(q2 − 1)
2
)1−s
and we are done.
4. By [7, Theorem 3], we know that |P (2)G (0)| = |G|2. Moreover, if H ∈ A2(G), then H contains the
Borel subgroup of G (since H is an intersection of parabolic maximal subgroups of G). Now, the
index of the Borel subgroup of G is (q2 + 1)(q + 1)2, hence it is not divisible by q − 1. Thus
A2(G) ⊆ Aq−1(G), hence
P (q−1)G (s) = P (2)G (s) +
∑
k∈N,k even
ak(G)
ks
.
By Lemma 7, we have that k divides ak(G), hence we conclude that P
(q−1)
G (0) is even. 
Theorem 18. Let G be a classical simple group and assume that G is not isomorphic to one of the following
groups: PSU3(3), PSU6(2), PSp4(8), PSp4(9), PSp8(3) and PΩ
+
8 (2). Let π be the set of prime numbers r such
that P (r)G (0) is a power of r. The characteristic of G is the prime p ∈ π such that |PG(s)|p  |PG(s)|r for all
r ∈ π .
Proof. By Theorem 4, we have that p ∈ π . If G is not isomorphic to one of the groups listed in the
statement of Proposition 16, the result is clear.
Assume that G = PSL2(q). By [28, Proposition 8], we have that if q /∈ {4,5,7,8,9}, then P (r)G (0) is
a power of r if and only if r = p, hence π = {p}. Clearly, the claim of the present theorem holds
also if q ∈ {4,5,7,9} (remind that PSL2(4) ∼= PSL2(5) and PSL2(7) ∼= PSL3(2), so these groups have 2
characteristics).
Assume that G = PSp4(q). By Propositions 16 and 17, the result holds if q /∈ {8,9}. 
5. Recognition of the characteristic of an exceptional group
In Table 15, we report the r-part of the order of the classical simple groups, when r is a prime
divisor of |G| and r is not p. To obtain Table 15 we used Lemma 9 (for the notation, see Section 1).
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Exceptional groups of Lie type.
G r t vr(Gδ(G))
E6(q) 2 1, h+ > h− 4h + 9
1, h+ < h− 6h + 7
= 2 1 6h + 4vr(3) + vr(5)
2 4h + 2vr(3)
3 3h
4, 6 2h
5, 8, 9, 12 h
E7(q) 2 1 7h + 10
= 2 1, 2 7h + 4vr(3) + vr(5) + vr(7)
3, 6 3h
4 2h
5, 7, 8, 9, 10, 12, 14, 18 h
E8(q) 2 1 8h + 14
= 2 1, 2 8h + 5vr(3) + 2vr(5) + vr(7)
3, 4 4h + vr(5)
6 4h
5, 8, 10, 12 2h
7, 9, 14, 15, 20, 24, 30 h
F4(q) 2 1 4h + 7
= 2 1, 2 4h + 2vr(3)
3, 4, 6 2h
8, 12 h
G2(q) 2 1 2h + 2
= 2 1, 2 2h + vr(3)
3, 6 h
2B2(q) = 2 1, 4 h
3D4(q) 2 1 2h + 2
3 1, 2 2h + 2
/∈ {2,3} 1, 2, 3, 6 2h
12 h
2E6(q) 2 1, h− > h+ 4h + 9
1, h− < h+ 6h + 7
= 2 1 4h + 2vr(3)
2 6h + 4vr(3) + vr(5)
3, 4, 6 2h
8, 10, 12, 18 h
2 F4(q) = 2 1 2h
2 2h + vr(3)
4, 6, 12 h
2G2(q) 2 1 h + 1
= 2 1, 2, 6 h
Proposition 19. Let G be an exceptional group of Lie type of characteristic p. Then |PG(s)|p > |G|r  |PG(s)|r
for all prime number r = p.
Proof. Let G and M be as in Table 16, under the given conditions. By [30] (for G = 2B2(q)), [19] (for
G = 2G2(q)), [21, Table 1] (for G = 3D4(q), E6(q), 2E6(q), E7(q), E8(q) or F4(q)), [22] (for G = 2F4(q))
and [4] (for G = G2(3), 3D4(2) or 2F4(2)′) we have that if a subgroup H of G is isomorphic to M ,
then H is a maximal subgroup of G . Hence a|G:M|(G) = 0, and we obtain a lower bound for |PG(s)|p ,
as described in Table 16. A direct computation, using Table 15, proves the claim. 
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Some maximal subgroups of the exceptional groups.
G Conditions M Lower bound for |PG (s)|p
2B2(q) Cq+√2q+1  C4 q2/2
3D4(2) (C7 × PSL2(7)).2 28
3D4(q) q 3 G2(q) q6
E6(q) F4(q) q12
2E6(q) (PΩ
−
10(q) ◦ q+1(q+1,3) ).(q + 1,4) q16
E7(q) (2E6(q) ◦ q+1(q−1,2) ).(q + 1,3).2 q27
E8(q) (SL2(q) ◦ E7(q)).(q − 1,2) q56
F4(q) 3D4(q).3 q12/|3|p
2 F4(2)′ PSL3(3).2 26
2 F4(q) q = 22k+1,k 1 Cq2+q√2q+q+√2q+1 : 12 q12/4
G2(3) PSL2(13) 35
G2(q) q 4 SU3(q).2 q3/|2|p
2G2(q) Cq+√3q+1  C4 q3/3
Table 17
Simple groups with a certain minimal index (obtained with [10, GAP]
and [5, Table 1]).
Minimal index Groups
28 PSp6(2), PSU3(3),PSL2(27) and Alt28
120 PSp8(2), PΩ
+
8 (2), and Alt120
672 PSU6(2) and Alt672
585 PSp4(8), PSL4(8) and Alt585
820 PSp4(9), PSL4(9) and Alt820
3280 PSp8(3), PSL8(3) and Alt3280
6. Proof of the main theorem
Theorem 20. Let G be a simple group of Lie type and let H be a ﬁnite group. Assume that PH (s) = PG(s). Then
H/Frat(H) ∼= G.
Proof. Without loss of generality, we assume that Frat(H) = 1.
First, we claim that H is a simple group. There are two ways to see that H is a simple group.
The ﬁrst one is by [8, Theorem 7]. The second one is the following: we know that if G is a simple
group of Lie type, then the Dirichlet polynomial PG(s) is reducible if and only if G ∼= PSL2(p) with
p = 2e − 1 and e ≡ 3 (mod 4) (see [27]). Clearly, if PG(s) irreducible, then G is simple (see, for
example, [9, Corollary 7]). Moreover, if G ∼= PSL2(p) for some p = 2e − 1 and e ≡ 3 (mod 4), then
H is simple by [9, Proposition 16]. Finally we have that H is not cyclic. In fact, if H is cyclic, then
PH (1) = 0 (since PH (1) is the probability that a randomly chosen element of H generates H). But
PG(1) = 0, since G is non-abelian.
Second, we claim that H is a group of Lie type. By [6, Theorem 3], if H is an alternating group,
then H ∼= G . By [7, Theorem 11], if H is a sporadic group, then H ∼= G . By the classiﬁcation of ﬁnite
simple groups, we may assume that H is a group of Lie type.
Now, we want to prove that if PG(s) = PH (s), then H and G have the same characteristic. Let
us consider some particular cases. For a group A let m(A) be the minimal index of a proper sub-
group of A. Clearly am(A)(A) = 0. Since PH (s) = PG(s), we have that m =m(G) =m(H). Assume that
m = 28. By Table 17, we have that {H,G} ⊆ {PSp6(2),PSU3(3),PSL2(27)}. Clearly H,G  Alt28, since
H and G are groups of Lie type. Moreover, |P (2)PSp6(2)(0)| = 29 (by Theorem 4), |P
(2)
PSU3(3)
(0)| = 26 and
|P (2)PSL2(27)(0)| = 1288 (use [10, GAP]). Thus G ∼= H . Assume that m is one of the minimal indexes in
Table 17 and m = 28. Since G and H are groups of Lie type, we see that they have the same char-
acteristic. Finally, assume that m is not one of the values of Table 17. Let π be the set of prime
numbers r such that P (r)G (0) is a power of r. By Theorem 4, if p is the characteristic of G , then p ∈ π .
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such that p ∈ π and |PG(s)|p  |PG(s)|r for all r ∈ π . Thus we conclude that H and G have the same
characteristic.
In order to complete the proof, we apply Theorem 2: if G and H are simple groups of Lie type
deﬁned over ﬁelds with the same characteristics and PG(s) = PH (s), then G ∼= H . 
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